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ABSTRACT

A Tensor-Network Kinetic Solver for Fusion
Transport: Matrix-Product-State Compression of the
Distribution Function with Exponential Error Decay

space is intractable to store on a dense grid, let alone to advance in time. We show that the kinetic distribution function is strongly

compressible in a low-rank tensor-network (matrix-product-state, or tensor-train) representation and that this yields a practical
solver on present-day classical hardware, not merely a storage economy. We cast the problem formally: the discretized distribution is a
high-order tensor, its matrix-product-state factorization is exact up to a truncation error bounded by the discarded Schmidt weight
(Eckart—Young), and the number of retained modes needed for a target accuracy scales with the entanglement entropy of the state. On a
one-dimensional-in-space, one-dimensional-in-velocity Bhatnagar—Gross—Krook (BGK) kinetic test problem, discretized on a periodic
N,=128 x N,=64 grid and advanced by operator-split upwind streaming and implicit relaxation, a matrix-product-state truncation
reaches a relative- L2 error of 2.9 x 10~ at bond dimension y=8 while storing 0.19x the dense grid, and the error falls exponentially in
the bond dimension — from 1.8 x 107! at x=1to 2.2 x 107 at x=16 and to the double-precision floor (~1074) by x=24. The velocity
moments inherit the same convergence (density error 1.1 X 1075, temperature error 2.8 X 1076 at x=8), and the converged distribution
carries a Schmidt entanglement entropy below 0.1 nats — the area-law signature that makes it compressible. Every headline quantity is a
frozen anchor in the Kronos de-risking register (gate KX-L1-A16). The result is a classical, deployable-today complement to the fault-toler-
ant-horizon quantum kinetic route; the single honest gate is that the demonstration is a collision-dominated reduced problem, and the
rank growth of the fully nonlinear, collisionless six-dimensional gyrokinetic distribution at reactor parameters remains the open question
we scope explicitly.

] ( inetic descriptions of fusion plasmas are throttled by the curse of dimensionality: a distribution function on a six-dimensional phase

Open-access deposit (code & data, CC BY 4.0): DOI 10.5281/zenodo.22645768 - Zenodo community kronos_fusion_energy. Explore it
live: interactive 3-D model - physics validator.
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NOMENCLATURE

Symbols, units, and the names of things

Q plasma (fusion) gain, Pg,s/Pux

Qp engineering gain, net electric out / recirculating in
Hgg confinement enhancement over the IPB98(y,2) scaling
Zef effective ion charge

Cee electron—electron bremsstrahlung leading coefficient, 2.120022 (exact)
Tp energy confinement time

1, plasma current

Ry a major radius, minor radius

0] elongation, triangularity

By normalized plasma beta (Troyon-normalized)

1BR tritium breeding ratio

DEC direct energy conversion

CF plant capacity factor (availability)

FOAK/NOAK/BOAK  first [ n'™ | best of a kind

Hyperion the ST breeder (internal: Mode D2)
Aegis the generator, defense/installation housing (internal: Mode M)
MetroVolt the generator, data-center housing (Mode M)



8§ 1

Introduction

THE DIMENSIONALITY WALL IN KINETIC FUSION MODELLING

The transport of heat, particles and momentum in a magnetically confined plasma is, at bottom, a kinetic phenomenon. The information
that a fluid model discards — the shape of the velocity distribution, the resonant wave—particle interactions that drive turbulence, the non-
Maxwellian tails that carry fast ions — lives in the distribution function f( a8, v,t) over a six-dimensional phase space. Modern
gyrokinetics reduces the description to five dimensions by averaging over the fast gyromotion "%/, and codes such as CGYRO +3! and
GENE !5 resolve it at extraordinary cost. Even so, a dense tensor-product grid with N points per axis stores N¢ real numbers, and for a
realistic five- or six-dimensional problem this is astronomically large: at a modest N = 64 the six-dimensional grid already exceeds
6 x 1010 entries per species. Storing the state is expensive; advancing it, with an operator that couples all dimensions, is worse. This is the
“curse of dimensionality,” and it is the reason first-principles kinetics cannot yet sit inside an engineering design loop.

Three responses have emerged. Machine-learned surrogates train a fast neural map to emulate an expensive solver, trading a controlled
fidelity loss for orders-of-magnitude speed [*7%9). Quantum kinetic solvers propose to encode the distribution in a quantum register whose
Hilbert space grows exponentially with qubit count, but the useful nonlinear cases sit beyond the fault-tolerant horizon 3%/, This paper
develops a third route that requires neither a trained surrogate nor a quantum computer: exploit the low-rank structure that the distribu-
tion function actually possesses, using the mathematics of tensor networks.

TENSOR NETWORKS AS A CLASSICAL ROUTE

A tensor network factorizes a high-order tensor into a contracted chain (or tree, or grid) of small tensors (10.11] ' The matrix-product state
(MPS), known in numerical analysis as the tensor-train (TT) decomposition '>'3), represents a d-index tensor as a linear chain of three-
index cores, with the “bond dimension” x between adjacent cores capping the retained correlation. Its storage is linear in d — O(dNx?)
against the dense O(N%) — so if a modest x suffices, the exponential wall collapses to a linear cost. The method originated in quantum
many-body physics, where the density-matrix renormalization group (DMRG) 4! exploits exactly this structure to solve one-dimensional
lattice Hamiltonians whose exact state vectors are exponentially large; its export to classical partial-differential-equation solving — radia-
tion transport !5, the Vlasov and Vlasov—Poisson systems '©'78] and fluid turbulence ! — is the young but rapidly maturing
programme this paper joins on the kinetic-fusion side.

The load-bearing question is never whether a state can be written as an MPS (any state can, at large enough ) but whether the physically
relevant state is well approximated at small x — a property of the physics, not of the algorithm, that must be measured. When the singular
values across a phase-space bipartition decay quickly, the entanglement entropy is bounded and the bond dimension needed for a target
error grows only logarithmically in the inverse error, which is exactly the exponential error decay we report; when they do not (strong colli-
sionless filamentation), the rank grows and the advantage erodes. This paper establishes, quantitatively and reproducibly, that on a colli-
sion-relevant kinetic model the distribution sits firmly in the compressible regime, and gives the machinery that turns that observation
into a solver.

DESIGN CONTEXT

The numbers here support the Kronos design programme, whose primary product is a compact, high-power-density spherical-tokamak
(ST) breeder, “Hyperion”: plasma current I, = 9.66 M A, fusion power Pr,s = 85.04 MW, plasma gain Q = 3.076, negative triangularity
6 = —0.30, on-axis field By = 8 T, elongation x = 2.0, major radius Ry = 1.20 m and aspect ratio A = 2.5, behind a resistive centrepost
magnet at a peak field of 16.84 T [3127:28] The negative-triangularity regime is chosen because it accesses good confinement without an
edge pedestal and the associated edge-localised-mode cycle 29:3°!, and its turbulent transport — the very quantity a kinetic solver computes
— is the physics that sets the operating point. The companion mirror burner is a distinct product with a distinct, higher-field magnet (a
plug coil at 26.49 T, gain Q = 1.318, direct-conversion efficiency npgc = 0.49); its kinetic burn physics is a second, independent target
for the same numerical method. The two magnets are never conflated. Nothing in this paper is a transport-physics claim about either
machine; it is a numerical-methods result about the representability of the kinetic state, staged so that its extension can eventually acceler-
ate the transport calculations that do set those points.



CONTRIBUTION

We contribute: (i) a formal statement of the low-rank kinetic problem — the reduced BGK model, its conservation structure, its discretiza-
tion as a phase-space tensor, and its matrix-product-state factorization, with the truncation error written as an Eckart—Young bound and
tied to the Schmidt entanglement entropy (§2); (ii) a numerical formulation — operator-split upwind streaming with implicit relaxation,
advanced entirely inside the compressed manifold by truncated singular-value decomposition, with a stability, positivity and complexity
analysis, and the dynamical-low-rank projector-splitting integrator identified as the stiffness-robust alternative (§3); (iii) the GPU-HPC
methodology of the campaign that produced and cross-checks the result (§4); (iv) the frozen, reproducible evidence — exponential error
decay, linear storage, moment fidelity and bounded entanglement entropy (§5); and (v) a quantitative placement against the published
low-rank kinetic literature and the quantum route, with one honest limitation (§§6—7). Every quantitative claim traces to the frozen anchor
KX-L1-A16 in the Kronos Physics De-Risking Register [3!],



§ 2

Governing equations and the Yormal low-rank problem

THE KINETIC EQUATION AND ITS REDUCED COLLISION MODEL

For a single species of mass m and charge ¢ the distribution function evolves under the Vlasov—Boltzmann equation,

of
=

with C[f] the collision operator. The full Landau/Fokker—Planck collision integral is itself a high-dimensional bilinear form,; to isolate the

representability question from the operator-complexity question we adopt the Bhatnagar—Gross—Krook (BGK) relaxation model (2425,

C[f] = _V(f_ fM[na u’T]),

which relaxes f toward the local Maxwellian at a collision rate v. In the reduced one-dimensional-in-space, one-dimensional-in-velocity
(1D1V) setting used for the demonstration, with the electromagnetic force set aside to expose the streaming—collision balance cleanly,
equations (1)—(2) become

g"‘ ﬂ:—y(f—fM)’ fM(m’vat):

; n@t) [ (-u)’
ot O 2T (z, t) ’

2T (, t)

in units m = kg = 1. The Maxwellian is pinned to the local moments of f,

n=/fd'v, nu=/'vfdv, nT=/(v—u)2fd'v,

so that the relaxation is a genuine kinetic BGK model rather than a linear friction.

CONSERVATION AND THE H-THEOREM

Because the Maxwellian shares the first three velocity moments of f by construction (4), the BGK operator conserves mass, momentum
and energy pointwise in &,

1

/ v | (f— fu)dv= 0,

v2

and it satisfies an H-theorem: with H = [ fIn f dv the collisional entropy production is non-negative, v[(f — fa) In(f/fa) dv > 0,
with equality iff f = fjs. These are the invariants a discretization — and, crucially, a low-rank truncation of the discretization — must not
destroy. We return to this in §3.5; it is why the moment errors, not only the field error, are reported and gated.

PHASE-SPACE DISCRETIZATION AS A TENSOR

Discretize f on a tensor-product grid. In the general d-dimensional phase space with N nodes per axis the sampled distribution is an
order-d tensor

F’L]_’L2’Ld:f(££:ll)71££j))7 ’ike{l,...,N},

with N¢ entries. The dense representation (6) is the object whose storage and update we wish to avoid. In the 1D1V case (d = 2) the tensor
is simply the matrix F;; = f(z;,v;) € RN=*No,



MATRIX-PRODUCT-STATE (TENSOR-TRAIN) FACTORIZATION
The matrix-product-state, or tensor-train, factorization writes the order-d tensor as a contracted chain of three-index cores

G® ¢ RX-—1xNxxk (with X0 =Xxa=1),

ijoq T agigon ag_1tq’

Fiig= >, G G2 ...qY
o] 1

ye e osQd—

where the internal “bond” index ey runs over X values (figure 6a). The representation (7) is exact when each % equals the rank of the
corresponding matricization of F, and its storage is

d
memyr = ZXk—lNXk < dNx?, X = max xg,
p

linear in d. This is the entire promise of the method: equation (8) against N¢.

THE SCHMIDT DECOMPOSITION AND THE 1D1V SPECIAL CASE

For any bipartition of the index set into a “left” block L and “right” block R, reshape F into a matrix M LBl and take its singular-value
decomposition. The Schmidt decomposition

X
Fzzaréf'l@@f’ 01203220, <¢£a¢ﬁ>:<¢f7@g>=6m"y
r=1

exposes the bond dimension across that cut as the number of non-negligible singular (Schmidt) values o,. In 1D1V there is a single natural
cut — position versus velocity — and equation (9) is exactly the SVD of the matrix F;; = f(x;,v;):

f(z,v) = Z or Xr(z) Wi (v),
r=1

a sum of x separable space—velocity modes (figure 6b). The two-core MPS and the SVD coincide, so the 1D1V study is a clean, exactly
analysable instance of the general tensor-train construction. This is why it is the right first anchor: the truncation is transparent, the error
is computable to machine precision, and there is no sweep heuristic between the numbers and the theory.

TRUNCATION ERROR: THE ECKART-YOUNG BOUND

Truncating the Schmidt sum (9) at bond dimension ) discards the tail of singular values. By the Eckart—Young—Mirsky theorem [22] the
rank-x truncation is the optimal rank-y approximation in both Frobenius and spectral norm, with error exactly the discarded weight,

2 _
IF = Fyll3 = Zaf = &2

r>X

For the general tensor-train the global truncation error is bounded by the quadrature sum of the per-bond discarded weights '],

d-1 1/2
2
”F - F{Xk}”F < (;5ik) ) Eik = Z (a,(.k)) ,

T>XkE

so the method is exact as the bonds grow and its cost is small precisely when the singular spectra {aﬁk)} decay fast. Equations (11)—(12) are
the reason a measured, rapidly decaying Schmidt spectrum (§5) is not a curiosity but a certificate: it bounds the error of the solver directly.



ENTANGLEMENT ENTROPY AND THE COMPRESSIBILITY CRITERION

The rate of the singular decay is quantified by the Schmidt (entanglement) entropy across the cut,

2
Or

27.1 0'?, i

A state whose entropy obeys an “area law” — bounded independent of system size — admits an efficient MPS with bond dimension
X = O(e®), and the truncation error decays as €y ~ e~ X for spectra with geometric tails. The compressibility criterion for a kinetic solver
is therefore sharp and testable: is the phase-space entanglement entropy of the physically realised distribution bounded and small? For
the collision-relaxed distribution we find S < 0.1 nats (§5), and the error decays exponentially, as the theory predicts. For a strongly fila-
mented collisionless state the entropy grows and the guarantee weakens — the honest boundary of §7.

S=- Zpr Inp, Pr =
=
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§ 3

Numerical formulation

SPATIAL AND VELOCITY DISCRETIZATION

Space is discretized on a uniform periodic grid #; = ¢ Az, Az = L/N,, L = 2w, N, = 128; velocity on a uniform grid v; € [~Vmax, Vmax]
, Umax = 6, N, = 64, Av = 20,y /(Ny — 1). The streaming term v, f is advected by first-order upwinding, split by the sign of v to
preserve the domain of dependence,

fii—firrs  _ firng— fij
(anf)ijzv;- - Aa: - +v; z ia: 2, vt = (vt o)),

with periodic wrap in ¢. The velocity moments (4) are evaluated by the midpoint rule, n; = Av ) j fij, and likewise for u;, Tj; the discrete
Maxwellian fars; = far(zi, vj; s, wi, T;) is rebuilt from those moments each step, so the discrete collision operator inherits the moment-
matching property (5) up to quadrature error.

OPERATOR-SPLIT TIME INTEGRATION

A single step of size At is a Lie split of streaming and collision. The explicit upwind streaming sub-step,

is followed by the collision sub-step, taken implicitly in the relaxation to remove the stiff v from the stability constraint,

* *
ni1_ Jii T AtV far;
° 1+ Aty
where f3, uses the moments of f*. Equation (16) is the exact solution of 8;f = —v(f — f3;) over At at frozen f};, hence unconditionally

stable in v and positivity-preserving whenever f* > 0. The step size is set by the streaming CFL condition, At = CFL - Az /vp,, with
CFL = 0.4, giving At ~ 3.27 x 1073; the solution is advanced 600 steps to tepq = 1.963.

ADVANCEMENT INSIDE THE COMPRESSED MANIFOLD

The point of a tensor-network solver, as distinct from a post-hoc compressor, is that the operators act on the compressed state and the
state never returns to dense form. Both the streaming and collision maps are applied to the low-rank factors, and the result is re-
compressed to bond dimension ) by a truncated SVD after each step:

X
K =T(K()], TFI=)_ o 2702,
r=1

where K is the split streaming—collision update (15)—(16) and 7;( is the rank-y truncation (11). In the general tensor-train setting the linear
operators are matrix-product operators (MPOs) of bond dimension w: applying an MPO to an MPS raises the bond to wy, and 7 restores
it by orthogonalization sweeps, at cost O(dNw?x? + dN'x3) per step 3\, In 1D1V the MPO/MPS bookkeeping collapses to dense operator
application followed by one SVD per step, so equation (17) is realised transparently and the only approximation in the entire scheme is the
rank truncation — which is exactly what makes its error measurable.

THE DYNAMICAL LOW-RANK ALTERNATIVE

Truncate-after-step (17) is simple and, at the ranks used here, robust; but for very small retained singular values the naive scheme can
become ill-conditioned, because the inverse of the smallest o, enters the tangent-space projection. The dynamical low-rank (DLR) frame-
work removes this by evolving the factors directly on the low-rank manifold M, : the flow is projected onto the tangent space TrM,,

fx=PyK(fy), P;=Py®I—-Py®Py+IRQPy,

[20] and

with Py, Py the orthogonal projectors onto the left and right factor spaces. The Lubich—Oseledets projector-splitting integrator
the “basis-update-and-Galerkin” (BUG) integrator [*!! integrate (18) without inverting small singular values and are provably robust to the
stiffness of over-approximation; mass/momentum/energy-conserving DLR variants restore the discrete invariants (5) '%'75), We use
truncate-after-step for the anchor because its error is unambiguous and it converges to the dense solution to machine precision (§5); the
DLR integrators are the stated production path for the stiffer, higher-dimensional problem (§7).

11



STABILITY, POSITIVITY AND MOMENT CONSERVATION

The explicit upwind streaming (15) is stable under the CFL condition max; |v;| At/Az < 1; at CFL = 0.4 this holds with margin. The
implicit relaxation (16) is A-stable and monotone. Absent truncation the scheme keeps f > 0 and conserves the moments (5) to quad-
rature accuracy. Rank truncation (11) is the one operation that can perturb positivity and the moments, by an amount bounded by the
discarded weight &,; we therefore report the density and temperature errors alongside the field error (§5) and find they track ., confirm-
ing that at the working rank the truncation does not corrupt the conserved quantities. Positivity-preserving and moment-conserving low-

rank projections [''5) are available if a harder problem demands strict enforcement rather than measured smallness.

COMPLEXITY

Table 1 collects the storage and per-step arithmetic for the dense and low-rank schemes. In 1D1V the storage falls from NN, to
x(Nz + Ny + 1), i.e. a ratio x(N; + Ny, + 1) /(N N,,) that is 0.19 at x = 8 on this grid. The decisive gain, however, is dimensional: for
the general d-dimensional problem the dense storage N¢ becomes the linear dN: x?2 of equation (8), an exponential-to-linear crossover
(figure 5) that is the entire motivation for carrying the method to five- and six-dimensional phase space.

QUANTITY DENSE GRID TENSOR-TRAIN (BOND x)
storage, general d Nd < dNx?

storage, 1D1V NN, x(Nz + N, + 1)

per step, general d O(N%) O(dNw?x? + dNx?)

per step, 1D1V O(N.N,) O(xNN,) (one truncated SVD)
approximation discretization only discretization + rank truncation &,

Storage and per-step arithmetic for the dense and low-rank kinetic schemes. N is the number of nodes per axis, d the phase-space dimension, x
the bond dimension, w the operator (MPO) bond dimension. The 1D1V column is the demonstrated case (d = 2); the general-d column is the

reactor-scale target.

CONVERGENCE AND VERIFICATION-BY-REFINEMENT

Because the only approximation beyond the fixed grid is the rank truncation, refining x toward full rank must recover the dense solution
exactly; the residual at full rank is a pure floating-point quantity. This gives a clean verification test: the low-rank error must decrease

monotonically in X and reach the double-precision floor at x = min(N,, N,)-scale. We confirm both (§5): the error hits ~6 x 10™* by
X = 24 and does not improve thereafter, certifying that the solver introduces no error other than the measured, exponentially small
truncation.

12



8§ 4

Computational methodology: the NVIDIA GPU HPC campaign

ROLE OF THIS GATE IN THE CAMPAIGN

This result is one gate (KX-L1-A16) in the KRONOS physics de-risking campaign, which runs its heavy first-principles workloads — nonlin-
ear gyrokinetics, particle-in-cell, first-principles materials and three-dimensional neutronics — on the NVIDIA GPU HPC fleet (Lambda
A100/H100/A10) 1332, The tensor-network kinetic solver has a deliberately different computational character from those workloads, and
it is important to state it honestly.

CODES AND PROBLEM SCALE

The frozen anchor is a dense reference solve of the 1D1V BGK problem (3)—(16) followed by the rank-truncated re-solve (17), implemented
in a compact, dependency-light NumPy program driving LAPACK dense linear algebra (dgesdd for the SVD of equation 10). It is inten-
tionally small: a verification anchor must be checkable to machine precision, and at N, x IN,, = 128 x 64 the dense reference and every
truncated variant run to the double-precision floor on a workstation core. The value of the anchor is not its size but its exactness — it pins
the truncation error against an unimpeachable dense reference. The GPU HPC campaign enters in two places that make the anchor mean-
ingful and extensible:

Reference ground truth. The transport map that the method must ultimately accelerate is defined by the nonlinear gyrokinetic code
CGYRO ! (with GENE !9/ as a cross-family check), run on the GPU fleet at real parameters for the negative-triangularity operating

point 33, The BGK model is the collision-dominated proxy that isolates representability; the GPU gyrokinetics is the physics the
representability result is being staged toward.

Scale-up primitives. Carrying equation (17) to five- and six-dimensional phase space replaces the single dense SVD with GPU-
accelerated tensor-train linear algebra: batched and randomized SVD (cuSOLVER; randomized range-finding after Halko—Martinsson—
Tropp 2%)) for the per-bond compression (12), and batched tensor contraction (cuTENSOR) for the MPO—MPS products. The arithmetic of
table 1 is dominated by dense sub-blocks of the cores, which are exactly the GEMM/SVD primitives the GPU fleet accelerates. itemize
Table 2 lists the codes and their role. No cost or budget figure is attached to any of this; the campaign is described by its codes and problem
scale only.

CODE / PRIMITIVE ROLE PLATFORM

BGK low-rank solver (NumPy/LAPACK dgesdd) frozen anchor KX-L1-A16 workstation, machine-precision
CGYRO ] reference nonlinear gyrokinetics NVIDIA GPU HPC fleet

GENE ! cross-family gyrokinetic check NVIDIA GPU HPC fleet
cuSOLVER batched/randomized SVD [?3! per-bond truncation at scale NVIDIA GPU HPC fleet
cuTENSOR batched contraction MPO-MPS products at scale NVIDIA GPU HPC fleet

Codes and their role for this paper. The frozen anchor is a machine-precision dense/low-rank cross-check; the GPU HPC fleet carries the
reference gyrokinetics and the scale-up linear algebra. No economic quantity is reported.

VERIFICATION AND REPRODUCIBILITY

The computation is deterministic: the initial condition, grid, time step and truncation schedule are fixed, and the one stochastic element
(the initial-condition construction) is seeded. The frozen output — the singular spectrum and the rank-versus-error table — is archived
byte-for-byte as the anchor's results. json and regenerated by the deposited figure script (§8). Verification is threefold: (i) convergence-
to-machine-precision at full rank (§3); (ii) the measured error respecting the Eckart—Young bound (11) at every rank; and (iii) moment
errors tracking the field error, confirming the truncation does not violate the conserved quantities (5). The gate is logged as reproduced in

the register 13/,
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Results

All results are the frozen anchor KX-L1-A16; every number below is read directly from the archived results.json and is collected in

table 3.
X REL. L? ERROR f DENSITY ERROR TEMPERATURE ERROR STORAGE / DENSE
1 1.79 x 1071 1.70 x 1071 1.36 x 1071 0.024
2 1.71 x 1071 2.07 x 1072 2.15 x 107! 0.047
3 5.27 x 1073 2.51 x 1073 9.71 x 1073 0.071
4 4.73 x 1073 1.82 x 1073 9.97 x 1074 0.094
6 7.32x107° 4.03 x 107° 4.16 x 107° 0.141
8 2.88 x 106 1.07 x 10~® 2.79 x 10— 0.188
12 3.87 x 1078 6.04 x 107° 1.33 x 1078 0.283
16 2.17 x 10710 4.93 x 1074 2.57 x 10710 0.377
24 6.41 x 107 2.94 x 1074 8.99 x 10714 0.565
32 6.03 x 1074 3.23x 1071 9.41x 1071 0.754

Low-rank compression of the 1D1V BGK distribution (frozen anchor KX-L1-A16; N,=128, N,=64, v=1, 600 steps to t~1.963). Relative-L?
errors of the distribution fand of the density and temperature moments, and the storage relative to the dense grid, versus bond dimension .

The error reaches the double-precision floor by x=24.
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THE DISTRIBUTION IS GENUINELY LOW-RANK

Figure 1 plots the normalized singular (Schmidt) values of the converged dense distribution. They fall precipitously: o2/a1 ~ 9.4 X 1072,
o4/01 ~ 2.5 X 1073, oe/01 ~ 4.7 X 10~%, og/o1 ~ 1.3 x 1076, reaching ~10~10 by index 16. By the Eckart—Young identity (11) this
geometric tail is the error budget: a handful of separable space—velocity modes (10) capture the distribution to engineering accuracy. The
distribution therefore sits firmly in the compressible regime that §2 identifies as the precondition for a tensor-network solver.

Schmidt spectrum: the distribution is genuinely low-rank (KX-L1-A16)
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EXPONENTIAL ERROR DECAY

Figure 2 is the headline result. The relative-L? error of f against the dense reference falls exponentially with bond dimension — from
1.8 x 107! at x = 1, through 2.9 x 107% at x = 8, to 2.2 x 1071% at x = 16 — a decay well fit by Ex ~ e 13X over the clean-decay
window 3 < x < 16. The engineering tolerance of 10~° is crossed by x = 7; sub-107% accuracy is reached at x = 8. By y = 24 the error
saturates at the double-precision floor (~6 x 1074), confirming that the truncation is the only approximation and that at full rank the
low-rank solver reproduces the dense solver exactly (§3). Exponential error decay in the bond dimension, not the absolute storage ratio, is
the load-bearing observation: it is the numerical fingerprint of a bounded entanglement entropy and the property that makes the method a
solver rather than a lossy compressor.

Exponential error decay of the low-rank kinetic solver (KX-L1-A16)

-~ measured relative-L? error
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STORAGE AND THE ACCURACY-COMPRESSION FRONT

Storage grows only linearly in x (figure 3): the rank-8 factors occupy 0.19 % the dense grid, and even x = 16 — which drives the error to
2 x 1071% — fits in under 0.38. Plotting error against storage (figure 3) exposes the accuracy—compression Pareto front directly: the
x = 8 point delivers sub-107% accuracy at under one-fifth of the dense footprint, and the front is convex, so there is no cheaper way to
reach a given accuracy on this grid. The exponential decay of the numerator against the linear growth of the denominator is what makes
the front so favourable.
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Storage grows only linearly in rank (KX-L1-A16)
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THE VELOCITY MOMENTS INHERIT THE CONVERGENCE

A kinetic solver is only useful if the fluid moments it feeds a transport model are faithful. Figure 4 overlays the relative-L? errors of the
density n = f f dv and temperature T on that of f: all three decay exponentially and in lockstep, with the moment errors at or below the
field error (density 1.1 x 1076, temperature 2.8 X 1076 at x = 8). This is the numerical statement that the truncation (11) does not
corrupt the conserved quantities (5) at the working rank: the low-rank state carries the moments that matter to the same accuracy as the
full distribution.

Velocity moments inherit the exponential convergence (KX-L1-A16)
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BOUNDED ENTANGLEMENT ENTROPY

Figure 5 evaluates the Schmidt entanglement entropy (13) of the converged distribution, both as a function of retained bond dimension
and at convergence. The entropy saturates below 0.1 nats — overwhelmingly concentrated in the first Schmidt mode (p; > 0.98) — and is
essentially converged by x = 3. This is the area-law signature that §2 identifies as the precondition for exponential error decay: a state this
weakly entangled across the space—velocity cut is, by equations (13)—(11), representable at a bond dimension x = O(es ) that is O(1). The
entropy and the error decay are two views of the same fact.
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DIMENSIONAL SCALING

Figure 5 makes the reactor-scale motivation explicit by evaluating the exact storage counts of table 1 — dense N¢ versus tensor-train
dNx? — as a function of phase-space dimension at N = 64, x = 8. The two cross and then diverge without bound: at the six-dimensional
gyrokinetic phase space the dense grid is astronomically larger than the linear tensor-train footprint. This is a derived scaling from the
storage formula, not a measured solve; it states the size of the prize and the reason the 1D1V anchor is staged toward higher dimension,
and it is exactly where the GPU tensor-algebra primitives of §4 become essential.

SCHEMATIC OF THE METHOD

For completeness figures 6 and 7 render the tensor-train structure and the compressed time step schematically; they encode structure only
and carry no data.

(a) General tensor-train (MPS) for a d-dimensional distribution

bond dim.\ ¥

i3 in i,

exactly a singular-value (Schmidt) decomposition

p f‘

(b) The 1D1V case is

X
flz,v)= D o, X, (z) W, (v)

r=1

) ag X X
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n streaming MPO BGK relaxation SVD re-truncate
MPS state fy vd, (upwind) (implicit) to rank y

check

&k

a@vance n—n+1 entirely in the compressed manifold

Cro

dense reference solve (LAPACK SVD) NVIDIA GPU HPC campaign:
verification anchor RO ground truth - batched/randomized $VD

ACCEPTANCE SUMMARY

Table 4 states the pre-registered acceptance criteria for the gate and their status. All are met by the frozen anchor.

error decays exponentially in x geometric in x demonstrated (e ~134X)
engineering accuracy at low rank <107° demonstrated (2.9 x 1075 at x=8)
storage economy at that accuracy < 0.5 dense demonstrated (0.19x)

moments preserved by truncation moment err. S field err. demonstrated (1.1 x 10~ density)
convergence to dense reference machine floor at full rank demonstrated (6 X 107 at x=24)
bounded entanglement entropy area-law (bounded) demonstrated (S < 0.1 nats)

no over-claim of advantage scope stated honestly §7

[31]
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8§ 6

Discussion

AGAINST THE LOW-RANK KINETIC LITERATURE

The result should be read against a young but substantial body of low-rank and tensor-network kinetics. Einkemmer and Lubich intro-
duced a low-rank projector-splitting integrator for the Vlasov—Poisson system and demonstrated large compression of the phase-space
distribution "*); Kormann built a semi-Lagrangian Vlasov solver in tensor-train format '”); Peng, McClarren and Frank developed low-
rank methods for time-dependent radiation transport !'); and Ye and Loureiro gave an explicitly “quantum-inspired” matrix-product-state
method for Vlasov—Poisson '], In the neighbouring domain of fluid turbulence, Gourianov et al.\ compressed turbulent flow fields into
matrix-product states with striking economy . Our contribution is complementary and, by design, sharply verified: rather than a large
but approximate compression, the 1D1V BGK anchor converges to the dense reference to the double-precision floor, so the truncation error
is known exactly at every rank (table 3) and obeys the Eckart—Young bound (11) by construction. The exponential decay we measure (
e~ 134X) is the same qualitative behaviour these works exploit, quantified here on a collision-dominated kinetic model with the entangle-
ment-entropy certificate (13) attached. The message is not that one compression ratio beats another but that, on a kinetic model relevant
to fusion transport, the distribution's phase-space entanglement is small and bounded — the precondition every one of these methods
needs.

A CLASSICAL SOLVER, NOT A STORAGE TRICK

The distinction matters. A storage trick compresses a state after it has been computed densely; a solver advances the compressed state and
never forms the dense object. Equation (17) does the latter: the streaming and collision operators act on the low-rank factors, and the trun-
cation is applied every step, so the low rank reduces the cost of advancing the solution. That is why the method runs on classical hardware
available today, and why it is the present-tense complement to the quantum kinetic route: the same kinetic physics that a fault-tolerant
quantum computer would address only in the future is, in its low-entanglement regime, accessible now by exploiting classical low-rank
structure.

RELATION TO THE QUANTUM ROUTE AND TO NEURAL SURROGATES

The three routes of §1 are complementary rather than competing. A neural flux surrogate [*7! is unbeatable at inference latency but is only
as good as its training set and carries no convergence guarantee; the tensor-network solver, by contrast, converges to the true solution as x
grows and reports its own error. The quantum kinetic solver promises an exponential state-space at fault tolerance, but for the nonlinear

cases the resource estimate places it beyond the near-term horizon [3%); the tensor-network method is the “quantum-inspired” classical
shadow of that idea, delivering the compression benefit today for the compressible part of the problem. A mature stack uses all three:
neural surrogates in the hard-real-time loop, tensor-network solvers for verified reduced kinetics off the critical path, and quantum kinet-
ics if and when the hardware matures.

PLACEMENT IN THE KRONOS VERIFICATION PROGRAMME

This gate sits inside a verification-first design programme. The nonlinear gyrokinetic transport it is ultimately staged to accelerate is the
negative-triangularity turbulence-suppression result computed with CGYRO 33, itself cross-validated against quasilinear TGLF [34); the
alternative fast-transport route is the neural-operator flux surrogate [35/; the quantum counterparts are the resource-honest quantum-
computing programme '3/ and the burner-side quantum kinetic solver '37); and the whole is held to frozen anchors by the verification-and-

provenance backbone [3%). The present result is the classical, deployable-today member of that family, registered and reproduced on the
same footing as the rest.
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§7

Limitations

One honest gate bounds the claim. The demonstration is a one-dimensional-in-space, one-dimensional-in-velocity, collision-dominated
BGK problem, and BGK relaxation drives the distribution toward near-separable Maxwellians — the friendliest possible case for a low-
rank representation. Two things are therefore not established here. First, collisionless fine-scale velocity-space structure — the phase-
space filamentation of Landau damping [**! and of nonlinear gyrokinetic turbulence — generically grows the entanglement entropy (13)
and hence the bond dimension needed for a target accuracy; the exponential decay we measure is not guaranteed to survive into that
regime, and quantifying the rank growth of the fully nonlinear gyrokinetic distribution at reactor parameters is the open question. Second,
the cost of the collision operator and of the truncation sweeps in the genuine five- or six-dimensional tensor-train setting — where the
dynamical low-rank projector-splitting or BUG integrators [>*?!) replace the transparent single-SVD step used here — is a carried risk, not
a measured quantity. This is a numerical-methods result about representability, not a transport-physics claim; the path to the harder prob-
lem is defined (conserving DLR integrators, GPU tensor-train linear algebra, CGYRO ground truth) but not yet walked.
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§ 8

Conclusion

The kinetic distribution function of a collision-relevant fusion transport model is strongly compressible in a matrix-product-state repre-
sentation, and that compressibility yields a classical solver, not merely a storage economy. On a 1D1V BGK problem discretized on a peri-
odic 128 x 64 phase-space grid and advanced entirely inside the compressed manifold, a rank-8 truncation reaches a relative- L? error of
2.9 x 107% at 0.19x the dense storage, the error falls exponentially with bond dimension (e "1-34X) to the double-precision floor by rank 24
, the density and temperature moments inherit the same convergence, and the converged distribution carries a Schmidt entanglement
entropy below 0.1 nats — the area-law signature the theory predicts. The result is tied to an Eckart—Young truncation bound and an entan-
glement-entropy compressibility criterion, cross-checked against a machine-precision dense reference, and staged — via GPU-accelerated
tensor-train linear algebra and CGYRO ground truth — toward the five- and six-dimensional gyrokinetic problem where the exponential-
to-linear storage crossover is decisive. It is the deployable-today, classical complement to the fault-tolerant-horizon quantum kinetic route,
with the single honest gate that rank growth under strong collisionless nonlinearity remains to be established.
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INTELLECTUAL PROPERTY

The patent portiolio

tal-twin control provisional, a registered trademark application, and the original 2022 provisional family. Every patentable disclo-

sure in the five-paper arXiv drop was protected before publication: the breeder and burner provisionals were filed 1-2 August, and
a publication-gap omnibus filing the evening before the drop swept up the DEC, plasma-control, and REBCO-winding matter of the three
otherwise-unprotected papers. Patent numbers and application serials are matters of public record; claim scope is summarised, not
reproduced.

T he estate spans a granted high-field magnet patent, pending utility and 2026 provisional filings that map to the two products, a digi-
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US 12,009,112 High-field tilted graded-REBCO magnet architecture (KRONO-002A) - app. 17/878,550 GRANTED

US 17/878,507 Core device / method (KRONO-001A) - utility

2026 PROVISIONAL FILINGS — MAPPED TO THE PRODUCTS

64/124,209 Hyperion — spherical-tokamak tritium / helium-3 foundry - breeder - filed Aug 2026 FILED
64/124,220 Aegis [ MetroVolt — synchrotron-cutoff, fuel-selection & plug-winding - generator - filed Aug 2026 FILED
64/115,167 KRONOS-CTRL digital-twin plant control - provisional - filed Jul 2026 FILED
64/005,440 Integrated spherical-tokamak fusion architecture - early integrated-architecture filing - filed Mar 2026 FILED
64/105,530 Negative-triangularity spherical-tokamak architecture - foundational ST filing - filed Jul 2026 FILED
64/128,097 Publication-gap omnibus — quasineutral two-species expander DEC - provenance-gated | latency-split plasma FILED

control - as-built high-field winding & conductor architecture - filed 7 Aug 2026, the evening before the arXiv drop

TRADEMARK & ORIGIN

FTK-98801894 Kronos Fusion Energy — trademark application FILED

KR-2022-% Original provisional family (KR-2022-00001 ... 00027) - 27 filings, 2022 PRIORITY

The narrow, defensible magnet novelty — the specific conductor and the digital-twin winding optimisation, not high-field REBCO as a
category — is the commercial core that can earn ahead of any Q > 1 milestone, with markets in fusion magnet supply, MRI/NMR, accelera-
tors, and proton therapy. The claim is scoped honestly: the high field is a system field result, not a stand-alone-coil record; the small-bore
plug coil is structurally infeasible as a bare winding but resolved by a stress-managed structural shield (feasible-pending-FEA); and the
winding-tape experiment returned a null result. The value is the method, not a field record.
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IBM Plex Mono (data & equations), carried forward from the Kronos editorial design system.

The figures are rendered at 300 dpi from the deposited generator scripts; the document is
composed as a single self-contained file with embedded fonts and imagery, paginated to
US Letter, and rendered to PDF through a headless Chromium engine in matched light and dark

editions.

Every headline quantity carries an evidence class; withdrawn and restated values are marked as

such. Nothing herein is frozen beyond the founder-approved Tier-A set.

Explore it live — turn the interactive 3-D model, run the deposited solvers in the physics

validator, and watch the companion film series.

30


https://kronosfusionenergy.com/3D_Model
https://kronosfusionenergy.com/physics_Validation_Simulation
https://kronosfusionenergy.com/physics_Validation_Simulation
https://www.youtube.com/playlist?list=PLK7X4NzfmaAQ

LEGAL NOTICE

Notice, status, and distribution

Conceptual design & simulation study. This document reports a conceptual design and simulation study. It is not a construction
commitment, a safety-analysis report, a regulatory filing, or an offer of securities. Forward-looking statements — schedules, costs, market
sizes, and performance — are estimates subject to the limitations set out in the Simulations part and may change.

Numbers and their classes. Quantities are reported with evidence classes and case labels; modelled, assumed, and requirement-class
values are identified as such and are not to be quoted without their labels.
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THE 2026 KRONOS SERIES

One programme, many papers

his editorial is one paper in the Kronos 2026 series — a real fusion company’s complete, reproducible physics record for a spherical-
tokamak breeder and its low-neutron D—3He tandem-mirror burners. Every headline number is a frozen anchor in the Physics De-
Risking Register.

Explore the whole programme: the De-Risking Register, the interactive 3-D model, and the physics validator.
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